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ABSTRACT. Estimates for the 3 operator are used to derive estimates for
the Neumann operator in weighted Hilbert spaces. The technique is similar to
that used to prove regularity of solutions of elliptic partial differential equations.
A priori estimates are first obtained for smooth compactly supported forms and
these estimates are then extended by suitable approximation results. These
estimates are applied to give new bounds for the reproducing kernels in the sub-
spaces of entire functions.

1. Introduction. L. Hormander gave fundamental estimates for the 9 opera-
tor in weighted Hilbert spaces in [5]. Based on this work, we give here improved
estimates for the associated Neumann operator. These estimates are applied to
give new bounds for the reproducing kernels of the subspaces of analytic functions.
In [3], this technique is applied to problems of weighted polynomial approximation.

To introduce our results, we present some notation. The Hilbert space of
(classes of) functions on C" which are square integrable with respect to the mea-
sure e~ d, where w is measurable with respect to the Lebesgue measure dA, is
denoted by L2(w). Similarly L%p' q)(w) is the space of differential forms of type
(p, q) whose coefficients belong to L2(w).

To illustrate our results, suppose n = 1 and there is a positive constant ¢ so
that 92/d29z > ¢. Then the Neumann operator, N, maps L, ,(w) into
Ly 1y(w). 1t is shown, in Theorem 2, that if

a<v2c<p and 6 €LY, \\(w - Blz),

then N(6) € L%o,l)(w — alz[). This result is applied, in Theorem 6, to show that
the reproducing kernels of A2(w), the subspace of analytic functions in L%(w),
belong to A%(w — alz[). Estimates for the Neumann operator in a more general
setting are given in Theorem 4 and general estimates for reproducing kernels are
presented in Theorems 7 and 8.
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Our method for proving estimates for the Neumann operator is similar to that
used in proving regularity of solutions of elliptic partial differential equations. A
priori estimates are obtained for smooth forms with compact support. Approxi-
mation results are then proved in order to extend these estimates to forms which
can be suitably approximated by smooth, compactly supported forms.

The technique for obtaining estimates for reproducing kernels is based on
the idea of N. Kerzman [6] to represent reproducing kernels in terms of the
Neumann operator on the space of (0, 1) forms. Kerzman used estimates derived
by J. J. Kohn [7] to prove that the Bergman kernel functions of strongly pseudo-
convex domains are smooth up to the boundary. Our estimates for the reproduc-
ing kernels of A2?(w) are derived in a similar fashion, using estimates for the
Neumann operator on L ;,(w).

Our estimates for the Neumann operator in weighted Hilbert spaces were
motivated by the study of polynomial approximation in weighted Hilbert spaces
of entire functions in [8] and [9]. These estimates can be used to prove approx-
imation theorems in A%(w). In [3], this technique is used to show that the poly-
nomials are dense in A%(w) when w is nearly radial.

The Neumann operator is defined and some estimates of Hérmander are
given in §2. § §3 and 4 are devoted to a discussion of a special case of our results.
In §3, a priori estimates for the Neumann operator are derived, and in §4 these
estimates are extended by means of an approximation result. In §§5 and 6 we
consider the most general case of our results. We give an indication, in §5, of
the new techniques required to generalize the results of §§3 and 4. §6 is devoted
to an exposition of general estimates for the Neumann operator. Finally, in §7,
we apply these results to derive new bounds for reproducing kernels.

An earlier version of this work constituted a portion of the author’s Ph. D.
dissertation at the University of Michigan (1974) under the direction of Professor
B. A. Taylor. The guidance and encouragement of Professor Taylor is gratefully
acknowledged. The author also thanks Professor J. B. Rauch for several helpful
suggestions.

2. Notation and preliminaries. We recall some notation and results of
Hormander from [4]. The space of infinitely differentiable functions with com-
pact support in C" is denoted by D and the space of (p, q) forms with coeffi-
cients in D is denoted by Dy, 4. The 3 operator, mapping Do,y into Dip g +1)s
is defined by

=f n dfry
oY fr,deINazl)\= Y —=dz* A dzT A az7,
(IZJ il IZJ k2=:1 0z

where the prime indicates that the summation extends only over increasing multi-
indices.
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In order to apply the estimates proved in [4], we shall assume that ¢ and
are in C2(C") and that there are positive constants § and ¢ so that

@ eV +e 2|3y <5(1 + Iz12),

n n a2¢ _ .
2.1 ® gl kgl W(Z)W;W,,NZIM(Z)I’ +ce¥ w2,

& & e +y)
—_— s W, > 2 Y (2) 2
©) ,§, k2=jl 2,01, @w; = QIYE)P + ce¥ @) w2,
hold for all z, w € C". We write ¢, = ¢ -2y, ¢, =¢— V¥, ¢3 = ¢,and ¢, =
o+ Y. _ -
The weak extensions of thse 0 operator defined on L%p,q)(qbl) 2
pr,q“)(q)z) and pr,q +1)(#2) — L%p,q+2)(¢3) are denoted by T and S respec-
tively. Then T and S are closed densely defined operators with Hilbert space
adjoints T* and S*. The domain and range of an operator 4 are denoted by D,
and R, respectively.

From Lemma 4.2.1 of [4] it follows that

@) AU, +ef[T T

s
17 k=1 92

2
e 0 AN <2A(TT* + S*S)fI},

k
forall f€ Dyreyges-

From (2.2) we conclude that TT* + S*S has a bounded inverse, N, map-
ping L%p'q.“)(q&z) into L%p,q“)(tbz). The operator N is the Neumann operator
on LY, ;11)(#,) and V|| < 2/c. Our object is to prove that the Neumann opera-
tor maps certain proper subspaces of sz,q“)(qb,) into other proper subspaces of
LY, 4+1)(82)-

3. A priori estimates in a special case. In this section we obtain a priori
estimates for the Neumann operator when N(9) has smooth, compactly supported
coefficients. Strong a priori estimates cannot be extended directly due to diffi-
culties encountered in proving suitable approximation results. In §4 an approxi-
mation result is proved which enables us to prove weak estimates for a more gen-
eral class of forms. These estimates are then used to prove stronger estimates for
this larger class of forms.

Certain technical difficulties arise in proving estimates for the Neumann
operator when n > 1 and § # 0. These details obscure the general argument and,
therefore, in this section and in §4 we assume that =1 and ¢ = 0. We also
assume that p = ¢ = 0. In §5, we indicate how these restrictions can be removed.
General results with references to complete proofs are presented in §6.

Recall that ¢ € C%(C) and that 32¢/3z3z = ¢ > 0 from (2.1). Because
n =1, we have S = 0 and, thus, N is the inverse of TT*. Where there is no
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danger of confusion we write f = fdz. It follows from (4.1.9) in [4] that

(ERY T*(f) = (3¢/3z)f — 3f/dz when f € D
and thus that
(32 TT*(f) = (02¢/320Z)f + T*(3f/0z)dz when f € Dppe.

We conclude that
(3)  T*Gf) = GT*(f) — (3G/dz)f when f and Gf are in Dype

and that

2
o TT*Gf) = GTT*(f) + g—g T*(f)dz - é%%f‘ aa—f ggdz

when f and Gf are in Dpps.
Finally, observe that if f € D ..+, we have

(3.5) If1ly < UNIITT*(A)N
and
(3.6) IT*()lly < INIAITT*()-

We can now obtain a priori estimates for the Neumann operator by con-
sidering the commutator of 77* and multiplication by a smooth function. Let
8 € LY 1(9) with N(9) € Do,;) and G € C™(C"). Notice that
(3.7) GN(@6) = N(G8) + N[TT*, G]N(©)
where [A4, B] denotes the commutator AB — BA. This yields

IGNO)Il, < IINIIGOIl, + ININ[TT*, GINO)I,-
Our goal is to choose G and a subspace H of L%o,l)(d’) containing Dg,1y so that

the right-hand side of (3.7) is finite when § € H. We then prove an approxima-
tion result on H and apply a weak compactness argument to conclude that GN(8)

As an example, suppose that N(6) € D(o’,), that 0 <a < [IN|I=* and that
G(z) = e¥%. Applying TT* to both sides of (3.7) yields

TT*(e%2N(0)) = 20 + [TT*, e**] N(9).
By (3.4) and the triangle inequality it follows that
ITT*e“EN@), < e8I, + alleZT*N(E)l,-
From (3.3) and (3.6) we conclude that
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ITT*(eZN@)ll, < lle®201l,, + alNI%ITT*e**N @),
and thus that
ITT*E®ZNEI < (1 — allN1%)~lle%61l,,.

As an immediate consequence of (3.5) and (3.6) we conclude that

(39) leN@)l, < INICL — allNI%)~ leBll,
and that
(3.10) le®*T*N@)ll, < INI%(L ~ allNI%)~" le% 0.

A natural choice of H = {f € L(o 1)(®): e%’fe L(o 1)(¢)} arises from (3.9)
and (3.10). If Dy ;) were dense in H in the norm [Ifll, = lle®?f lly it would
follow from (3.9) and (3.10) by a weak compactness argument that % N(9) €
L%O,l)(¢) and that e®> T*N(0) € L?(¢) when 6 € H. We have been unable to
prove this density result directly.

We now consider a different choice of G and H. Suppose that N(9) € D(o 1
and that G(z) = z™ where m is a nonnegative integer. Proceeding as above we
obtain

TT*E™N(@0)) = 20 + mz™~T*N(6)dz
and

ITT*E™NO, < 12761l + mINIAITT*E ™~ NO)),-

An inductive argument shows that

m N -k/2
Gi1)  ITTENO), <mUNI? 3 "'L—,uf"oud,.
k=0 °
From (3.5) and (3.6) it follows that
m k/2
(3.12) Iz NI, < mlIN((m*2)/2 S~ M"_"-ke" A
k=0
and that
m N -k/2
(313)  [Z™T*NO)ll, < mlIN|Cm+1D/2 2 INEZZ " liz%6ll,,.

We denote by H,,, the space of those f € L, ,)(¢) such that z¥f €
L%o,l)(gb) fork=0,1,...,m. The approximation result needed to prove
(3.12) and (3.13) for all 0 € H,, is proved in §4. We remark that (3.13) is the
critical estimate used in §6 to prove estimates for the reproducing kernels in
weighted Hilbert spaces of entire functions.
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4. Estimates for the Neumann operator in a special case. We continue to
assume that n =1, § = 0, and p = ¢ = 0 in this section. We now prove the
approximation lemma needed to prove (3.12) and (3.13) for 6 € H,,,.

LEMMA. Suppose that 0 € H and that 2/~'N() €D e forj=1,2,
. » L. Then there exists a sequence fp, p=1,2,...,0f elements of D(o,l)
such that
@ z/7'f, > z/-IN@) in L(o H@® forj=1,2,...,1and
® z’TT*(f )—>2l0in LY, ,\@®) forj=0,1,...,1

Proor. The proof proceeds in two steps. First compactly supported f'
are found satlsfymg (a) and (b). Then the sequence [ is defined by rnolhfymg
the forms f

Letf N(0) and choose a sequence Ny, P = 1,2,...,of elements of D
such that

(1) 0<17,<1,

(2) 1, =1 on the disc of radius p/2,
there exists a constant s so that
lom, /021 + 18n, [0z + 1877, [0z0z > < s(1 + |zI)~2.

Put fp = 1, f and notice that f' has compact support and is in D« for each p.
Because |z/-17) —zi"‘N(G)Iz < /- 1N(@9)[2e~2, (a) follows by the domi-
nated convergence theorem
Further, it follows from (3.4) and (4.1)(1) that

@.1)
)]

ITT*(f,) - 01%¢~% = ITT*(n, f) - TT*(f)>e~®
<2[TT*, n,1f1%e~% + 2in, — DTTH()I%e*

anp

—% 4
oz | ¢t

e?+6

anp of |2
_P_"| ,—9 * 2,~%
2z 55| € +2|TT*(f)l%e~®.

o,
ooe T

From this inequality and (4.1)(3) we conclude that
ITT*(7,) - 01%e~% < 65IT*N(0)|2e=¢ + 65N (9)|%e~*
+ 65]0f/0z|2e=? + 2|0|2¢—?

“2)
and that forj=1,2,...,1,

EITT*(F;) — 2701%¢=% < 6s|T*(z/~1N(6))I 2~ + 65|27/~ N(9)|2e~®
43) + 125/(3/32) (71 1)) %e~®

+ 125(j — 1)2|2/-2N(0)|%e? + 21276|%¢*.
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By (2.2) and the hypotheses of this lemma, the right-hand sides of (4.2) and
(4.3) are integrable and (b) follows by the dominated convergence theorem.

It now suffices to prove (a) and (b) when f € Dy has compact support.
Choose x € D with support in the unit disk and f xd\ = 1. Writing xp(z) =
P*x(pz), put £,§) = f f§ — 2)x,(2)d\ and f, = f, dz. Then f, € D ;) and
straightforward arguments show that (a) and (b) are satisfied.

We can now show that the Neumann operator maps H,,, into H,,.

THEOREM 1. Suppose 0 € H,,,. Then

€)) zZ*N(©) € Dpys,
- N2
(b) IZXN@)Il, < KHIN|*+2)/2 Z ) '; ||zfe||¢,
i=0
skpa xk+1)2 © IN " j
© IZ*T*N@)ll, <IN > Ilz 6l
=0

fork=0,1,2,...,m

ProoF. The proof proceeds by induction on k. When k = 0, there is
nothing to prove. Suppose that (a), (b) and (c) are true for nonnegative integers
k, strictly less than I/, where I < m.

By the preceding lemma, there exists a sequence, f, , of elements of D(o,l)
such that

@ z/-'f, = z/-1N) mL(o 1@ forj=1,2,...,1,and

®) z’TT“(f )20 in L}, |\(¢) forj=0,1, N

By (3.11), we have

ITT*E'f,) - TT*E'f I,

L INI~ jl2
<mnyre 3 1 "

j=0

so that TT*(z'f,,) is a convergent sequence in L, ;(¢). Now z'f, = = NTT*('f,)
and N is continuous, so that z'f is also convergent in L(o 1)®)- Smce z’f -

z!f in the sense of distributions we conclude that z Ire L(o l)(qS) Moreover, IT*
is a closed operator and thus Z'f € Dy re. This proves (a) when k = By pass-
ing to the limit in (3.12) and (3.13), we see that (b) and (c) are true for k = I
This completes the proof.

As an application of Theorem 1, we obtain a result similar to the strong a

priori estimates (3.9) and (3.10).

——E'TT*(£,) — 2/TT*(f)ll,

THEOREM 2. Suppose that a <+/2c<Band § € L(o 1)(® = Blzl). Then
N©) € LYy 19 — alzl) and T*N@®) € L*($ - alzl).
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ProoF. Notice that for all nonnegative integers k, |z|[¥e—F121/2 < k!(p/2)~%.
Thus, we have

flz|2k|0|28_¢d)\ = f(lzlke—ﬁlzl/2)2 |0|2e—¢+ﬂlz|d)\

< (k!)z(ﬁ/z)—zk"e II%—BIZI’

so that 6 € H,,, for all m. By Theorem 1 it follows that Z/N(§) € Dy for
j=0,1,2,...,and furthermore that

“44)

—j/2
@ EN@)l, < KNIEHD 5 "N;l I,
=0
and
k 7))
) IZXT*N@)I|, < KN+ /2 ; "Nll IV e,

From these inequalities, (4.4), and the fact that || V|| < 2/e¢, we conclude that

k j
e, <k(2) 0 5 (ﬁ) 181l gz

@ fo?
Bk'(z/c)("+2)/ 21011y g1z
and
ﬁk!(Z/c)(k"'l)/zuelld,-ﬁlzl

sk
2*T*N @), < G
The proof is completed by observing that these inequalities insure that the
power series for e*/#1/2V(9) convergesin L%, ,(¢) and the power series for
e*1Z21I2T*N(0) converges in L2(¢).
As an example of Theorem 2, let ¢(z) = 2x2. If§ € D(o 1) then N(9) €
L%, 1)(2x* — Iz]) and T*N(9) € L*(2x? — LzI).

5. The general method. In § §3 and 4 we used an a priori estimate and an
approximation result to obtain estimates for the Neumann operator whenn =1,
Y =0and p=q=0. The fact that Y = 0 governed the choice of G(z) = Z in
the a priori estimate (3.8). In this section we derive a generalization of (3.8) and
discuss the associated approximation result needed to prove estimates in the
absence of these restrictions.

Suppose now that 6 € L7, -, ,,(4,), N(6) € Dp,q+1)- and G EC(C™).
A natural generalization of (3.8) is

IGN@)lly, < INIIGEIl,, + INUN[TT* + S*S, GINO)y, -

Unfortunately, we cannot derive the estimates for the commutator [TT* + S*S, G]
required to obtain a useful a priori estimate.
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Observe that (2.1) insures that the operator SS* + L*L has a bounded
inverse, M, where L is the weak extension of the 0 operator defined on
Ly, a+2)(®#3) 2, L}, 4+3)($4). Then M is the Neumann operator on
LY, 4+2)(93) and [IM]] < /2.

In order to derive a useful generalization of (3.8), observe that the projec-
tion of GN(9) onto Ry, is NTT*(GN(6)) and the projection of GN(0) onto R} is
S*MS(GN(6)). We then have

GN(6) = NTT*GN(0)) + S*MS(GN()).

Applying the triangle inequality we obtain

IGN®)lly, < INWITTHGNGO,, + IS*MSGNEly, -

Since |S*MS(GN©O))ly, < IMI%IS(GN@)),, we have
1) IGN@)ly, < INIITTHGNOy, + IMI*ISGNE,, .

Assume now that 6 € ker S. It follows that N(8) € ker(S). From (5.1) we con-
clude that

IGN®)l, < IVIIGE,,

52) "
+ININITT*, GINO),, + IMI%I[S, GIN®)ly,-

When n = 1, (5.2) is identical to (3.8), and (5.2) is the a priori estimate used to
prove the general results in §6.

It remains to choose G and H so that the right-hand side of (5.2) is finite
when 0 € f{, and to prove an approximation result to extend (5.2) to H. Appro-
priate conditions on G are given in (6.1). Since (5.2) differs from (3.8) only in
that the term [|M]|%]|[S, GINQO)Il, 3 is explicitly present in (5.2), only this term
presents new difficulties in the general case. Otherwise, the approximation result
in the general case is identical to the lemma of §4.

6. General estimates for the Neumann operator. General results are stated
without proof in this section. Proofs of the general results differ in that they are
technically more complicated than those given in §4 for a special case. However,
the main ideas remain the same. Complete proofs are given in [2].

We continue to assume that ¢ and ¥ are in C?(C") and satisfy (2.1). In
order that the right-hand side of (5.2) be finite, we shall be interested in G €
C”(C™) such that there exist positive constants ¢ and ¢, so that
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(1) BGPRe Y <ci,
(@ PGRe Y <cl,
() 1BGPRYe2Y < 2,
@ 109G2e%¥ <¢2,
(5) IGPeV <21 + 122,
(6) IGPRylRe?Y <cf(1 + l21?).
For example, when n = 1 and ¢ = 0 the function G(z) = Z satisfies (6.1).
More generally, when ¢ = 0, the function G(z) =Z, fork=1,2,...,n satis-
fies (6.1). Similarly, if Y(z) = (@ — 1)log(1 + |z[?), then G(z) = (1 + z[2)*/?
satisfies (6.1) when g = 0.
We now state a generalization of Theorem 1.
THEOREM 3. Suppose that G satisfies (6.1), that 0 € ker(S) and that G*0
€L}, 141)(#,) for k=0,1,2,...,m. Then there exists a positive constant e,
depending only on c and c, such that

6.1)

) G*N(6) € Drr* N Dg,
®) IG*N NIy, < 2¢*IIVIIk! 1>~: L™
-
€
© IG*T*N@)y, < (INI*% + 2)e*! ,Zo LAl

The following analogue of Theorem 2 follows from Theorem 3 in the same
way that Theorem 2 follows from Theorem 1. The constant € is the same con-
stant as in Theorem 3.

THEOREM 4. Suppose that G satisfies (6.1) and that a <2/e <B. If0 €
ker(S) N pr’ q+1)(®2 — BIGI), then N(9) € pr,q +1)(#, —alGl) and T*N(6) €
L}, o8y — alG)).

As an example of Theorem 4, suppose that ¢ > 0 and @ = 1 are constants
and that ¢ € C%(C") satisfies

Z Z a a_ Wik = (e + 2 - 1))
=1 k=1

for each w € C". Then ¢ and Y(z) = (@ — 1)log(l + |z]?) satisfy (2.1), and
G(z) = (1 + |z1%)*/? satisfies (6.1). We conclude from Theorem 4 that if § €
ker(S) N Dy, q.+1 then there is a positive constant & so that

N@O)E LY, g41)(# —alel?)
and T*N(O) € L2, (6, ~alzP).
In particular, if 27, ZZ_,(3%¢/dz; az,,)w,w,, > clw|? for each w € C" and
if 6 € ker(S) N Dy g.41y» then N(@) € LE, o, 11(6 — alzI) and T*N(B) €
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L}, )@ —clzl). Thus, if ¢(z) = ZL., x? and 6 € D, , 4.1y We may conclude
that
NO)E LY, 441 i x,?-a|z> and T*N(@)€E L%p’q)< ;‘\2"’1 x} —alzD.
j=1 =

7. Estimates for reproducing kernels. Suppose that w is measurable with
respect to the Lebesgue measure in C” and is bounded from above on compact
subsets of C”. Then the space of analytic functions in L2(w) is a closed subspace
of L%(w) denoted A%(w). To each § in C" there corresponds an element K. of
A?*(w), with the property that f(§) = (f, K),, for all f € A*(w). This analytic
function K is called the reproducing kernel at § of A%(w). (For the general
theory of reproducing kernels see [1].)

For example, the reproducing kernel at { in 42(lzI%) is K((z) = 7~ "e**%.
Notice that for each e < 1, the reproducing kernels of 42(jz|?) belong to
A?(Iz2 - €lz|?). In this section we apply the results derived above to prove simi-
lar estimates in 42(¢,).

We begin by stating a representation theorem for reproducing kernels. This
theorem is a based on a representation result used by N. Kerzman in [6] to prove
that the Bergman kernel function in a strongly pseudoconvex domain is smooth
up to the boundary.

THEOREM 5. Suppose that ¢ and Y satisfy (2.1) and Ky is the reproducing
kernel at § in A*(¢,). Then there exists g, € C'(C™) with compact support such

We can use this representation theorem to derive estimates for reproducing
kernels from those estimates proved above.

THEOREM 6. Suppose that ¢ € C2(C™) and that there is a positive con-
stant ¢ so that 32¢[3z0Z = c. If a </2c, then the reproducing kernels of
A%(¢) belong to A%(¢p - alzl).

ProoF. We observe from Theorem 5 that K, =g, — T*NT(g,) where T(g;) is
continuous and has compact support. Since ¢ is continuous, we have

7(8;») eL%o,n)@ = Blzl)

for all . We conclude from Theorem 2 that T*NT(g;) € L%(¢ — alzl). The proof
is completed by observing that g, € L%(¢, — alz[), since &; is continuous and
compactly supported.

Notice that Theorem 6 guarantees that the reproducing kernels of 4%(|z|?)
belong to A2(|z|> — alz[) for & <+/2 but it does not give the sharp result stated
above.

THEOREM 7. Suppose that ¢ € C2(C™), that ¢ and  satisfy (2.1) and
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that G satisfies (6.1). Then there is a positive constant «, depending only on ¢
and c, so that the reproducing kernels of Az(q),) belong to A2(¢1 - alG).

PrROOF. Observe that R, C ker(S) and use Theorem 4 in place of Theorem
2 in the proof of Theorem 6.

It is of interest to note that when Y = 0, the assumption that ¢ € C2(C")
can be eliminated. We omit the proof and refer the reader to [2, Theorem 6.7]
for details.

THEOREM 8. Suppose that ¢ is a plurisubharmonic function on C" which

is bounded from below on compact sets and that the distribution
o N
T wWw —clw]®dA
J=1 k=1 aziazk ik l

is nonnegative for all w € C". Suppose also that a < 23/c/n(\/c +/2). Then
the reproducing kernels of A%(¢) belong to A%(¢ — alz|).

8. Conclusion. We have proved estimates for the Neumann operator on
L%p,qﬂ)(gb — ) when ¢ and ¢ satisfy (2.1). These estimates have been applied
to prove new estimates for the reproducing kernels in A2(¢ — 2¢)).

Finally, we remark that the estimates of this paper are not sharp in any of
the spaces in which we can calculate the Neumann operator explicitly. Such
spaces are extremely regular, however (e.g. ¢ € C™(C") and ¢(2) = ¢(|z])), and
it is possible that they do not exhibit the extreme behavior of the general case.
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